The temperature field distribution directly reflects the combustion condition in a furnace ． In this paper, acoustic thermometry to reconstruct temperature distribution is investigated. A method based on radial basis function approximation with polynomial reproduction (RBF-PR) is proposed in order to improve the accuracy and stability of the method based on RBF approximation. In addition, the refraction effect of sound wave paths is considered in the process of reconstruction. The curved lines with refraction effect are numerically calculated by solving differential equations, which show that sonic waves curve towards the zones of higher temperature. The reconstructed performance is validated via numerical simulation using four temperature distribution models. Results and analysis show that the proposed method has much greater accuracy than the method based on RBF approximation, and when considering the effect of refraction, our method can reconstruct more excellent reconstruction performance than others, which do not take into account the refraction effect of sound wave paths.
Introduction
In the coal-fired boiler of large thermal power plant, the temperature distribution is one of the most important parameters of combustion process and equipment state. The good combustion conditions can improve combustion efficiency, reduce coal consumption and emissions [1] [2] [3] . Therefore, the effective monitoring and controlling of the combustion temperature field in the furnace directly affect the safety and economy of the operation. However, the furnace provides a hostile and severely varying environment for combustion [4] [5] [6] . There is a lack of real-time, accurate and comprehensive methods to obtain temperature information for a long time. Therefore, it is very important and urgent to find an efficient method desired for measurement of the temperature fields in furnaces [7] [8] [9] . Acoustic method [10] [11] [12] [13] , as an advanced non-contact measurement, has advantages of real-time online monitoring and full-field measurement，and has good prospect of application in temperature field measurement of furnace． Temperature distribution reconstruction using acoustic method is an inversion process, which depends greatly on reconstruction algorithm. Many algorithms have been proposed, such as the algorithm based on least square method (LSM) 14, 15 , algorithm based on algebra reconstruction technique(ART) [16] [17] [18] , and algorithm based on Radial Basis Function(RBF) approximation [19] [20] [21] . M. J. Wang et al. 14 applied the method based on LSM to reconstruct temperature distribution for circular area. S. P. Zhang et al. 17 used acoustic technology to monitor the temperature field of the cross-section in the boiler furnace, and the temperature profile was reconstructed through ART iteration. However, the algorithms based on LSM and ART are simple with quickness, but they have a limitation that the amount of divided blocks of measure area cannot exceed the number of effective wave paths, and the results they reconstructed lose much temperature information near the edge of measured area, while with low reconstruction accuracy. To make up for these defect, X. H. Shen et al. 19 presented the algorithm based on RBF approximation to reconstruct two-dimensional temperature field distribution, and validated the performance of temperature field reconstruction through four temperature distribution models. R. X. Jia et al. 20 used the method based on RBF approximation and gave the actual experiment. The results demonstrated that the method based on RBF approximation possessed a relatively better information reflection of temperature field distribution and higher reconstruction accuracy than common reconstruction algorithm, the least square method. However, the reconstruction algorithm based on RBF approximation has problems with stability and solvability. In addition, it requires a lot of training samples to calculate appropriate parameters of the neural network, while training samples are almost impossible to obtain in practice, even if obtained they are not accurate enough. In addition, the temperature distribution in furnace is inhomogeneous, the temperature of the center is very high, while the temperature near the water wall tubes is very low, according to the acoustic principle, sound waves are no longer propagating in a straight line in the furnace [22] [23] [24] . When researchers commonly used acoustic thermometry to reconstruct the temperature field, the voice tracks often approximate straight lines. The errors because of refraction will influence the temperature field reconstruction. However seldom research has been done considering the refraction effect [25] [26] [27] . To ensure that measurements are accurate, it is necessary to take into account the effect of refraction of the sound wave. In this paper, in order to overcome the shortcomings of above algorithms like low accuracy, or poor applicability, an improved reconstruction algorithm based on RBF approximation with polynomial reproduction (RBF-PR) is presented in this paper. In addition, we also consider the refraction effect of the sound wave paths in the process of temperature field reconstruction in Section 3. Section 4 utilizes four models with different complexity, including the one-peak symmetrical model, one-peak asymmetrical model, two-peak asymmetrical model and three-peak asymmetrical model, to validate the reconstruction performance of our proposed algorithm and gives experiment results and analysis. Conclusion is presented in Section 5.
The Theory of Acoustic Thermometry
The theory of acoustic thermometry is based on the relation between the velocity of sound and the temperature of fuel gas. The temperature can be obtained using the following relation:
Where u is the acoustic velocity in the medium, γ is the isentropic exponent of gas, R is the specific gas constant of an ideal gas, M is the molar mass and T is the absolute temperature. For a given gas mixture, γ , R, M are fixed constants and they can be replaced by Z.
For example, in the air, Z is 20.03, and in the flue gas, Z is 19.98.
In the process of acoustic thermometry, when the distance d between the sound receiver and sound transmitter is known, and the time of flying (TOF) is measured, the velocity of sound can be calculated as
Combine Equation (1), the temperature can be expressed by the following equation, 
The Method Based on RBF Approximation
If the measured area is divided into M blocks, ( , ) 
Where C is the shape parameter of RBF, which is related to the measured area and the arrangement of transceivers. It can be predetermined via numerical method, and in our model, RBF gives the best result for shape parameter C=60. The reciprocal of ultrasonic speed can be determined similarly as The TOF, k t in the kth effective acoustic flying path is described as
The linear system of Equation (6) can be represented as the matrix equation: = Aε t (7) And it can be also expressed in the form: 
Proposed Method Based on RBF-PR
The method which was introduced in Section 3.2 theoretically has problems with stability and solvability. Therefore the RBF approximant is usually extended by polynomial function 
Using the matrix notation, we can write
The equation also can be expressed in the form:
It can be seen that now we have a linear system of equations in (M+3) variables compared with Equation (6) . Thus the presented system has also ill-posed problem. And this LSE can be solved by the least squares method or singular value decomposition.
The Solution of Refraction of Sound Wave
According to the acoustic principle, when sound waves pass through non-uniform temperature field, they will bend because of refraction, and the greater the temperature gradient becomes, the more obviously sound waves curve. The temperature distribution in a furnace is inhomogeneous, so the temperature field should be reconstructed considering the effect of refraction of sound wave paths.
If the temperature distribution in the furnace is given in a furnace, the kth effective flying path of sound wave can be expressed as follows:
The differential of the length s along this path is written as
So the TOF in the k-th flying path travelling from a transmitter ( , )
According to Fermat's theory, sound waves travel along the shortest path of the propagation time, so
Then the calculus of variations of Equation (17) should be zero
Thus the Euler formula is obtained as
Taking the function of ( , , ) F x y y′ into Equation (19) , the mathematical model of sound wave path in temperature field is established as
and the boundary conditions can be expressed as follows, 
This is a two point boundary value problem of differential equation, it can be solved by shooting method or finite difference method.
The Process of Temperature Distribution Reconstruction
The procedure of proposed reconstruction method based on RBF-PR can be described in Figure 2 . For practical experience, we can obtain matrix t via actual measurement. Then, the estimated matrix t can be applied into reconstruction method and the temperature field distribution would be reconstructed. But for simulation experiment in this paper, the model of temperature field distribution, which is artificially designed simulation environment could be expressed as a function. Then, matrix t in Equations (7) and (13) could be estimated. Finally, the reconstruction method based on RBF approximation and the proposed method based on RBF-PR can be applied to reconstruct the designed temperature field distribution.
Numerical Simulation and Results Analysis
In order to validate the performance of our proposed method, along all paths taking into account the refraction effect of sound wave in furnace, simulation experiments are carried out, and the results analysis is given. The TOF is assumed to be entirely accurate data which is obtained from theoretical calculation. In addition, the curved lines because of refraction effect can be obtained by solving the Equation (20), where T(x, y) is the value of temperature distribution models. The temperature field is then reconstructed using the TOF data with and without considering the refraction effect.
Design of Simulation and Definitions of Evaluation
As an improved method on the basis of RBF method, reconstruction results of the presented method based on RBF-PR are compared with that of method based on RBF. For convenience, the two methods are called RBF method and RBF-PR method in the subsequent sections, respectively. In order to validate the capability of our proposed method and evaluate the reconstruction results, four kinds of two-dimensional temperature distribution models with different complexity levels are created. Then the TOF used in reconstruction is gained from these models via numerical computation, and we can make these models as standard of comparisons when temperature field is reconstructed. The expressions of these two-dimensional temperature distribution models created are shown as follows. 
For the sake of comprehensive evaluation, not only qualitative analysis but also quantitative analysis is provided. The former is given as figures of isothermal contour displays, their corresponding absolute errors and the refracted sound waves. The latter include TOF of effective paths with and without considering refraction effect, and temperature error analysis, which is given by calculating the Figures 3-6 show the reconstructed results for one-peak symmetrical temperature distribution, one-peak asymmetrical one, two-peak asymmetrical one, and three-peak asymmetrical one. (a), (c1), (d1) in Figures 3-6 show the isothermal contour displays of temperature distribution models, the corresponding reconstructed ones respectively, gained using RBF method and our proposed RBF-PR method without considering the effect of refraction. (e1) in Figures  3-6 show the isothermal contour displays of reconstructed temperature distribution with considering the refraction effect. (c2), (d2), (e2) in Figures 3-6 show the absolute errors of the temperature distributions reconstructed using RBF, RBF-PR method without taking into account the effect of refraction, and RBF-PR method with considering the effect. Moreover, paths with refraction are shown in Figure ( b). For simple one-peak symmetrical and one-peak asymmetrical temperature distribution, without considering the refraction effect, the reconstruction based on our proposed RBF-PR method conforms better to their models, comparing with one based on RBF method. And with considering the refraction effect, we can gain the best result based on RBF-PR method. In addition, for one-peak symmetrical temperature distribution, the absolute errors of RBF-PR method are small, almost all of which are below 10 K. While the errors of RBF are obvious larger, especially near the four corners where error is nearly 150 K. For one-peak asymmetrical temperature distribution, reconstruction of that is more difficult than reconstruction of a symmetrical one. The absolute errors show that the accuracy of the results based on RBF-PR method is improved remarkably compared with RBF method. The error of RBF method is around 100 K in most area, while it will dramatically increase to about 300 K near the corner at point (4, 4) . However, in the proposed method, the most area's error and the maximum error are reduced to about 10 K and 50 K, respectively. For two-peak asymmetrical model and three-peak asymmetrical model, the temperature distributions gradually get much more complex, so the spatial resolution is apt to deteriorate. Therefore, it is important to demonstrate the possibility of reconstructing these temperature fields. From the isothermal contour displays of reconstructed temperature distribution and absolute errors, the simulation results indicate that all of these reconstruction algorithms can solve the complex models. For two-peak asymmetrical model, the results of RBF-PR method have more excellent reconstruction performance than ones of RBF method, but for three-peak asymmetrical model, absolute errors of RBF-PR method are a little larger than that of RBF method. In general, the method based on RBF-PR with considering the effect of refraction is the best reconstruction algorithm for these two complex models. Figures 3(b) , 4(b), 5(b) and 6(b) show the sound wave paths because of refraction effect for one-peak symmetrical model, one-peak asymmetrical model, two-peak asymmetrical model and three-peak asymmetrical model. The simulation results show that sound waves do not propagate in along straight lines in fields of non-uniform temperature. For one-peak symmetrical model and one-peak asymmetrical one, the temperature gradient changes large, so the sound waves curve towards the peak and refraction becomes strong near the peak. For two-peak asymmetrical model, because the temperature gradient changes little, the curved lines look like the straight lines. But in the case of three-peak asymmetrical temperature distributions, the refraction becomes more complex, as shown in Figure 6 (b). In conclusion, the sound waves curve towards the zones of higher temperature in these four models, and when the temperature gradient varies greatly, the sound waves curve obviously. 
Simulation Results and Analysis
(e1) (e2) Figure 3 . The reconstruction results for one-peak symmetrical temperature distribution.
(e1) (e2) Figure 4 . The reconstruction results for one-peak asymmetrical temperature distribution.
(e1) (e2) Figure 5 . The reconstruction results for two-peak asymmetrical temperature distribution.
(e1) (e2) Figure 6 . The reconstruction results for three-peak asymmetrical temperature distribution. Tables 1-4 show the TOF of paths without and with considering the effect of refraction based on RBF-PR method, respectively. Due to the symmetry of one-peak symmetrical model, the TOF of 6 paths are given in Table 1 , while TOF of 24 paths are listed for other models. The results shown in tables indicate that TOF of most of curved paths with refraction effect is shorter than that without refraction effect, although few curved paths cost a little longer time than line paths. Table 5 shows the maximum error max E , mean relative error mean E and root-mean-square percent error rms E of reconstructions based on RBF method, and RBF-PR method with and without refraction effect for the four temperature distribution models, it can be seen that most errors of RBF method are larger than that of our proposed method RBF-PR. For one-peak symmetrical and asymmetrical temperature distribution, when considering the effect of refraction, the errors is a littler smaller than that without refraction effect. In addition, the mean relative error mean E and root-mean-square percent error rms E are below 0.1% for one-peak symmetrical model, and these errors are within 0.38% for one-peak asymmetrical model with the refraction effect. However, for the two-peak asymmetrical models, the errors decrease obviously under the same condition. For complex three-peak asymmetrical models, although the errors of our proposed RBF-PR method are larger than that of RBF without refraction effect, when considering the refraction effect, the errors decreases. In conclusion, the proposed RBF-PR method with refraction effect has relatively higher reconstruction accuracy than ones without refraction effect in these four temperature distribution models.
Conclusions
In this paper, an improved method based on RBF-PR is presented to reconstruct temperature distribution in a furnace, and in the process of temperature distribution reconstruction, the refraction effect of sound wave path is taken into account. The performance of proposed method is validated via numerical simulation using four temperature distribution models. On the basis of the experiment results, we can have the following conclusions, (1) Without considering the effect of refraction, the presented method based on RBF-PR can improve the reconstruction performance compared with the method based on RBF approximation.
(2) Sound waves do not propagate along the straight lines in fields of non-uniform temperature, while they curve towards the zones of higher temperature, and the greater the temperature gradient becomes, the more obviously sound waves curve. (3) In the four temperature distribution models with different complexity, the accuracy of reconstructed temperature fields, obtained by the RBF-PR method is all improved when taking the refraction effect of sound wave paths into account.
